It is well-known that for every congruence Θ ∈ Con(A) and each surjective homomorphism h : A → B, the image h(Θ) = {(h(a), h(b)) | (a, b) ∈ Θ} is a tolerance on B. We study algebras and classes of algebras whose every tolerance is a homomorphic image of a congruence. In particular, we prove that every homomorphic image of a congruence on A is a congruence on B if and only if A is 3-permutable. Let K be a class of algebras such that every tolerance on B ∈ K is a homomorphic image of a congruence of an algebra that belongs to K. Then K is tolerance factorable if and only if each B ∈ K factorable by the tolerance Θ • Φ • Θ for all Θ, Φ ∈ Con(B). This result is extended for a strongly tolerance factorable variety.
Preliminaries
Having an algebra A = (A; F ), a binary relation R ⊆ A × A is called compatible (with A) if it is a subalgebra of the direct product A × A. By a tolerance on A we mean a reflexive, symmetric and compatible binary relation on A. Of course, every congruence on A is a transitive tolerance, but there can exist tolerances on A which are not transitive. Denote by Tol(A) the set of all tolerances on A and, as usually, by Con(A) the set of all congruences on A. Of course, Con(A) ⊆ Tol(A). It is well-known (see e.g. [1] ) that Tol(A) forms an algebraic lattice with respect to set-inclusion whose least element is the equality relation ω and the greatest one is the full-relation A × A. However, Con(A) need not be a sublattice of Tol(A), see [1] for details.
Among other things, tolerances can serve as a useful tool for some investigations concerning Malcev conditions, see e.g. [7] and [13] , and, moreover, in some lattice theoretical constructions, see [10] , [11] and [12] .
Let T ∈ Tol(A). A subset B ⊆ A is called a block of T if B is a maximal subset satisfying B × B ⊆ T . Since T is reflexive, B = ∅ for each T ∈ Tol(A) and the set Block(T ) of all blocks of T forms a covering of A. Due to Zorn Lemma, every element a ∈ A belongs to at least one block of T .
If A = (A; F ), T ∈ Tol(A) and f ∈ F is n-ary, then for every blocks B 1 , . . . , B n ∈ Block(T ) there exists a block B ∈ Block(T ) such that
but this B need not be unique. It was shown by G. Czédli [5] that if A = (A; ∨, ∧) is a lattice then this B is unique and hence lattices can be factorized by tolerances similarly as it can be done by congruences. In general, if for an algebra A = (A; F ), T ∈ Tol(A), every f ∈ F and all blocks B 1 , . . . , B n ∈ Block(T ) there exists a unique block B ∈ Tol(T ) such that (1) holds true, then A is called factorable by the tolerance T and we define
Then the algebra A/T = (Block(T ); F ) is called the quotient algebra modulo the tolerance T , and T is said to have the factorization property. If A = (A; F ) is factorable by T for each T ∈ Tol(A) then A is called tolerance factorable algebra. Hence, by [5] , every lattice is tolerance factorable. Other tolerance factorable algebras are constructed in [2] . A class of algebras K is tolerance factorable if each A ∈ K has this property. K is called strongly tolerance factorable if it is tolerance factorable and, moreover, the quotient algebra modulo T , i.e. A/T , belongs to K for every A ∈ K and each T ∈ Tol(A). As it was proved by G. Czédli [5] , the variety L of lattices is strongly tolerance factorable but the variety D of distributive lattices is tolerance factorable but not strongly tolerance factorable.
Recall that a variety of algebras V is congruence permutable if for each A ∈ V and all Θ, Φ ∈ Con(A) we have
It was proved by H. Werner (see e.g. [1] and [15] ) that V is congruence permutable if and only if Con(A) = Tol(A) for each A ∈ V, i.e. if every A ∈ V is tolerance trivial. In such a case, V is trivially strongly tolerance factorable. However, this is not the case of 3-permutable algebras which are the objects of our study. Recall that an algebra A is 3-permutable if
for all Θ, Φ ∈ Con(A) (see e.g. [3] ). A variety V is 3-permutable if each A ∈ V has this property. 3-permutable algebras and varieties play an important role in mathematical logic because every implication algebra, every BCK-algebra, Heyting algebra, Abbott groupoid and BCI-algebra, etc. are 3-permutable but not congruence permutable in a general case.
Let A 1 , A 2 be two algebras of the same similarity type and ϕ : A 1 → A 2 a surjective homomorphism. It is known (see e.g. [9] ) that for any T ∈ Tol(A 1 ), the homorphic image
is not necessarily a congruence (see [4] , [6] ). If any tolerance of a class K of algebras is a homomorphic image of some congruence on B ∈ K, then we say (cf. [8] ) that K has the TImC property. Varieties having TImC property were characterised in [8] .
In this paper we characterise congruence 3-permutable classes of algebras by the means of their tolerances. We also deduce a characterization of strongly tolerance factorable varieties and of the tolerance factorable classes K with TImC property.
Main results
In [2] and [4] it was shown that for any algebra A and any tolerance T ∈ Tol(A) with factorization property, there exists an algebra B (with the same similarity type as A) and a congruence Θ ∈ Con(B) such that T is a homomorphic image of Θ. In the proof of [2, Prop. 2] the algebra B is defined on the set
as a subalgebra of the direct product C = A × A/T , then
and the homomorphism ϕ is a projection given by
Remark 1. Observe, that this result implies the that any tolerance T of a variety V with strong factorisation property is a homomorphic image of some congruence of V. In particular, it is deduced in [2] that any strongly tolerance factorable variety has TImC property. Now, let A 1 , A 2 be two algebras of the same similarity type, T ∈ Tol(A 2 ), and ϕ : A 1 → A 2 a surjective homomorphism. Consider the relation
It is easy to check that ϕ −1 (T ) is a tolerance on A 1 and ϕ(ϕ −1 (T )) = T . Moreover, we have the following: Lemma 1. Let ϕ : A 1 → A 2 and T ∈ Tol(A 2 ) be as indicated above. Then
and Φ = Ker ϕ ∈ Con(A 1 ). Then
for some block C of the tolerance ϕ −1 (T ). Then (ϕ(u), ϕ(v)) ∈ T , for all u, v ∈ C, and hence
, we obtain C = ϕ −1 (B), and the proof of (ii) is finished.
(iii) In view of (i) and (ii) we have to prove only that for any B ⊆ A 2 , By a class K of algebras we mean a family of algebras of the same similarity type and closed under isomorphisms.
As an immediate consequence of Theorem 1 and Remark 1 we obtain:
If V is a congruence 3-permutable variety, then its tolerances with strong factorization property coincide with congruences.
As noted above, a variety is tolerance-trivial if and only if it is congruence permutable. Theorem 1 yields the following
Corollary 2. Any congruence 3-permutable class of algebras with TImC property is tolerance-trivial. Example 1. An implication algebra is a grupoid (A; ·) satisfying the equations
It is known that implication algebras form a variety I which is congruence 3-permutable, but not congruence permutable, i.e. not every tolerance of them is a congruence (see [14] ). Hence, in view of Corollary 2, I does not satisfy property TImC (see also [8, Thm. 5.3] ). However, in view of Corollary 1, every tolerance of I with strong factorization property is a congruence.
Lemma 2. Let A 1 , A 2 be two algebras of the same similarity type, T 1 ∈ Tol(A 1 ), T 2 ∈ Tol(A 2 ) and ϕ : A 1 → A 2 a surjective homomorphism such that
Proof. In view of Lemma 1 we have Block(T 1 ) = {ϕ −1 (B) | B ∈ Block(T 2 )}. Now, let f be an n-ary operation of A 2 = (A 2 , F ) and B 1 , . . . , B n ∈ Block(T 2 ).
Then C = ϕ −1 (B), for some B ∈ Block(T 2 ). We prove that B is the unique block of T 2 which satisfies (1), i.e.:
Indeed, for each b i ∈ B i and i ∈ {1, . . . , n} there is
Thus B satisfies (1). Now, assume that D ∈ Block(T 2 ) also satisfies (1), and take any
Since this means that the block ϕ −1 (D) satisfies (3), we obtain ϕ
Thus B is the unique block of T 2 that satisfies (1), and this proves that A 2 is tolerance factorable modulo T 2 .
Finally, by Lemma 1, B → ϕ −1 (B) is bijective mapping ψ betwen Block(T 2 ) and Block(T 1 ), and it is routine to check that ψ is also a homomorphim of the algebra A 2 /T 2 into A 1 /T 1 .
Let K be a class of algebras. Let H(K) and T (K) denote the class of homomorphic images and that of tolerance quotients of algebras from K, respectively. Proposition 1. Let A be a tolerance factorable algebra and Θ ∈ Con(A). Then A/Θ is also tolerance factorable and for any T ∈ Tol(A/Θ) there exists a tolerance S ∈ Tol(A) with (A/Θ)/T ∼ = A/S. If K is a tolerance factorable class, then H(K) is also tolerance factorable and T H(K) = T (K).
Proof. Let ϕ : A → A/Θ be the natural homomorphism induced by Θ and T ∈ Tol(A/Θ). In view of Lemma 1, ϕ −1 (T ) = {(a, b) ∈ A 2 | (ϕ(a), ϕ(b)) ∈ T } is a tolerance on A and ϕ(ϕ −1 (T )) = T . Since A is factorable by ϕ −1 (T ), using Lemma 2 we get that A/Θ is also factorable by T and (A/Θ) /T ∼ = A/ϕ −1 (T ). Let K be tolerance factorable. The previous result implies that H(K) is also tolerance factorable and T H(K) ⊆ T (K). The converse inclusion is clear.
Observe, that a class J is strongly tolerance factorable iff T (J ) = J . Since, by Proposition 1, T H(K) = H(K) ⇔ H(K) = T (K), we obtain Corollary 3. Let K be a tolerance factorable class. Then H(K) is strongly tolerance factorable if and only if T (K) = H(K).
Remark 2. Let A be an algebra from a variety V with TImC property and T ∈ Tol(A). Observe, that T is a homomorphic image of some congruence Θ on a free algebra F ∈ V.
Indeed, by definition there exist B ∈ V, Ψ ∈ Con(B) and a surjective homomorphism ϕ : B → A with ϕ(Ψ) = T . As V is a variety, there is also a free algebra F ∈ V and a surjective homomorphism ψ : F → B. Obviously,
is a congruence of F and ψ(Θ) = Ψ. Now, the homomorphism ϕ • ψ :
By using Lemmas 1 and 2 we are able to prove our main theorem:
Theorem 2. Let V be a variety of algebras. Then the following assertions are equivalent:
(i) V is strongly tolerance-factorable.
(ii) V has the TImC property and for every free algebra F ∈ V and Θ, Φ ∈ Con(F), F is tolerance factorable modulo Φ•Θ•Φ, and
Proof. In view of [2] , any strongly tolerance factorable variety has TImC property, and hence the implication (i)⇒(ii) is obvious.
(ii)⇒(i). Assume that V satisfies (ii) and let B ∈ V and T ∈ Tol(B). Then there exist F ∈ V, Θ ∈ Con(F) and a surjective homomorphism ϕ : F → B such that T = ϕ(Θ). Let Φ = Ker ϕ. Then Φ ∈ Con(F) and Φ • Θ • Φ ∈ Tol(F). Now, by Lemma 1, we get Φ•Θ•Φ = ϕ −1 (T ). Since, by assumption, F is factorable modulo Φ • Θ • Φ, by applying Lemma 2 we obtain that B is also tolerance factorable modulo T , and that B/T ∼ = F/Φ • Θ • Φ ∈ V. Thus V is strongly tolerance factorable.
Similarly, we can prove the following result for a class K which need not be a variety and where the assumption "strong" is omitted.
Proposition 2. Let K be a class of algebras with TImC property. Then K is tolerance factorable if and only if every A ∈ K is tolerance factorable by any tolerance of the form Φ • Θ • Φ, Θ, Φ ∈ Con(A).
Proof. The "only if" part being clear, we have to prove the "if" part of the proposition only. Take B ∈ K and T ∈ Tol(B) arbitrary. Since K has TImC property, there are A ∈ K, Θ ∈ Con(A) and a surjective homomorphism ϕ : A → B such that T = ϕ(Θ). Now, repeating the same argument as in the case of the implication (ii)⇒(i) of Theorem 2, our proof is completed.
Problem: Characterise varieties whose tolerances with strong factorization property are congruences.
